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Abstract 
High-capacity anodes such as Si are gaining critical importance for energy-storage purposes in a variety of industries.  However, 
they are well known to suffer from capacity fading which is induced by loss of mechanical integrity during cycling.  Among 
various nano-structured electrodes, nano-scale thin films deposited on thick substrates have been widely studied through 
experimental and theoretical methods.  Experiments show that even nano-scale thin-film electrodes could undergo extensive 
fracture and delamination from the underneath current collector.  In this paper, we examine the effect of interaction between 
chemical and mechanical driving forces on the solute distribution in the vicinity of the edge of an elastic semi-infinite nano-film 
which is bonded onto the surface of a thick elastic substrate.  The film as opposed to the substrate is considered chemically 
active, and in chemical equilibrium with an external infinitely large mass reservoir which maintains a uniform chemical potential 
everywhere in the film.  Mechanical deformation of the film is studied using the membrane approximation theory, and the thick 
substrate is modelled as an elastic half space. It is shown that solute distribution is highly non-uniform close to the film edge.  
The effect of solute segregation on the axial stress distribution in the film is also examined.   
© 2015 The Authors. Published by Elsevier Ltd. 
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1. Introduction 
Lithium-ion batteries have gained critical importance for application in a variety of industries.  Many studies in 
the past have therefore focused on increasing the charge and energy storage capacity of lithium-ion battery 
electrodes, Kasavajjula et al. (2007).  It is well known that silicon offers the highest known theoretical charge 
capacity, nearly ten times that of the conventional graphite electrodes, Chan et al. (2008).However, high-capacity 
electrodes often suffer from a variety of mechanical degradation modes, such as fracture and loss of electric contact 
with current collector or other active/inactive phases in the electrode.Such failures are often driven by large 
intercalation-induced stresses which emerge as a result of volume changes associated with ionic insertion/extraction 
during lithium cycling.  It is therefore of great interest to design electrodes capable of accommodating large volume 
expansions/contractions without loss of mechanical integrity.To this end, many studies have focused on various 
nano-engineered electrodes, such as nanocomposites, nanowires, nanoparticles and nano-scale thin films, Graetz et 
al. (2004), Liu et al. (2011),  Liu et al. (2012), Maranchi et al. (2006). 
Electrochemical as well as mechanical stability and performance of thin-film electrodes have been intensely 
investigated in the past few decades.  It has been shown that such electrodes could undergo fracture, delamination 
and localized plastic deformation.  Severe plastic deformation, fracture and delamination have been observed due to 
lithium insertion/extraction in Si thin films with 250 nm thickness on copper substrate, Maranchi et al. (2006).  
Through-the-thickness cracks have been observed in Si thin films with 100 nm thickness.While it has been proposed 
that mechanical stability of thin films during cycling can be improved via patterning, it has been observed that 
delamination can even take place in patterned Si thin films with 100 nm thickness, Xiao et al. (2011).Although 
through-the-thickness fracture leads to loss of capacity in thin film electrodes, film delamination from the 
underneath substrate is known to play a far more critical role in capacity fading of such electrodes.It is therefore of 
particular interest to examine the driving forces which lead to delamination of thin film electrodes under chemical 
insertion.   
Thin film delamination from the substrate is a classical problem in solid mechanics, Freund and Suresh (2009).  
In the classical studies on thin film delamination, stresses which arise in the film are often induced by thermal or 
lattice mismatch strain in the film.However, when the film is subject to chemical insertion, interaction between 
chemical and mechanical fields could alter the results of classical thin film theory, Haftbaradaran (2015).In a thin 
film electrode, solute concentration in the film leads to generation of mechanical stresses which in turn could affect 
solute distribution.Such interaction between chemical and mechanical driving forces is not present in the classical 
thin film theories.In this paper, we investigate the effect of chemo-mechanical coupling on the solute and stress 
distribution close to the end of a semi-infinite thin-film electrode which is bonded to the surface of a thick 




Fig. 1. A semi-infinite thin-film electrode bonded to the surface of an infinitely thick substrate.  
The edge of the film is located at 0x  .   
2. Formulation 
Consider a semi-infinite thin elastic film bonded to the surface of a thick elastic substrate. The film is considered 
chemically active and in chemical equilibrium with an external infinitely large mass reservoir which maintains a 
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Perfect bonding is assumed between the film and substrate at their interface.In this section, we present the 
formulation which captures the nonlinear coupling between mechanical stresses and solute distribution in the film. 
2.1. Solute concentration in the film 





P V  ,                                                                                                                                      (1) 
where RP  represents the chemical potential of solute in the mass reservoir, R  is the universal gas constant, T  is 
absolute temperature, c  is solute concentration, 0c  is a reference solute concentration, mV  is the partial molar 
volume of the solute and hV  is the hydrostatic stress.  At x  f , the state of stress in the film is equi-biaxial with  
/ (1 )x y cEV V V Q Hf f f f     ,                                                                                                                        (2) 
where E  and Q are respectively elastic modulus and Poisson’s ratio of the film, and / 3c mV cH f f  and  cf  are 
respectively the solute-induced strain and solute concentration at x  f .  Under plane strain conditions (i.e. 
0yH  ), chemical equilibrium in the film implies that  
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where  ( ) ( ) / 3c mx V c xH   is the solute-induced strain, ˆ ( ) ( ) /x xx x EV V  is the dimensionless axial stress in the 
film, and / (3 )mV E RTK  is a dimensionless factor representing the strength of chemo-mechanical coupling in the 
system.  Eq. (3) once solved for ( )c xH  results in  
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where  ( )W z  is the Lambert W-function which is defined according to ( )( ) W zW z e z .  Eq. (4) once written for 
0x   renders solute concentration at the edge normalized with respect to the concentration at infinity as 
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where  it has been noted that the edge of the film is traction-free, i.e. ˆ ( 0) 0x xV   .   
2.2. Deformation of the film and substrate at their interface 
Due to the perfect bonding at the film-substrate interface, solute insertion in the film leads to a distribution of 
shear stresses at the film-substrate interface, ( )q x .  Treating the substrate as an elastic half space, the normal strain 
induced by ( )q x at the substrate side of the interface is given by 
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where sE  and sQ  are the elastic modulus and Poission’s ratio of the substrate.  The total axial strain in the film is 
given by 
2 ˆ( ) (1 ) ( ) (1 ) ( )fx x cx x xH Q V Q H    ,                                                                                                                (7) 
where the first term on the right hand side of  Eq. (7) is the elastic strain induced due to the stresses, and the second 
term is due to the solute insertion.Mechanical equilibrium between the interfacial shear stresses and axial stress in 
the film implies that 
0
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Replacing ( )c xH  from Eq. (4) in Eq. (7), and making use of Eq. (8), the compatibility condition at the film-
substrate interface, ( ) ( )f sx xx xH H for 0x ! , results in a nonlinear singular integral equation in terms of ( )q x .  The 
result can be written in the following dimensionless form, Haftbaradaran (2015), 
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where ˆ /x x hD , ˆ / h[ D[ , 2 2(1 ) / [ (1 )]s sE ED Q Q   , ˆ ˆ ˆ( ) ( / ) /q x q x hx ED  .  Once distribution of shear 
stresses at the interface is determined based on Eq. (9), Eq. (8) can be used to find axial stress in the film, and solute 
distribution is obtained using Eq. (4). 
3. Results and Discussion 
Figure 2a shows solute concentration at the edge normalized with respect to the solute concentration at infinity as 
a function of the dimensionless parameter cKHf .  The curves shown in this figure are based on Eq. (5).  As it is 
evident from this figure, the edge solute concentration increases with the chemo-mechanical coupling parameter K .  
This result suggests that the solute tends to segregate near the traction-free edge of the film.  The figure further 






Fig. 2. (a) Dimensionless solute concentration at the edge as a function of cKHf  for different values of Poisson’s ratio; 
(b) distribution of solute concentration near the film edge; and (c) distribution of axial stress in the film for various modulus ratios. 
(a) (b) (c) 
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Figures 2b and 2c respectively show distribution of solute concentration and axial stress near the edge for 
200K  , 0.01cHf  and 0.2Q  and for three different values of the modulus ratio D .  In consistency with Eq. (5), 
fig. 2b shows that the edge solute concentration is independent of the modulus ratio.  However, in the vicinity of the 
edge, solute distribution is considerably affected by the modulus ratio.Given the elastic properties of the film, the 
modulus ratio D increases when the substrate stiffness increases.Figure 2b therefore suggests that the segregation 
effect is pronounced in a wider region close to the edge when the substrate is softer.As stiffness of the substrate 
increases considerably beyond that of the film (e.g. when 10D  ), segregation occurs essentially at the edge and 
away from it, the solute concentration rapidly decays to the far-field concentration cf . Fig. 2c shows axial stress in 
the film normalized with respect to the far-field stress Vf .  The axial stress increases from zero at the film edge to 
its asymptotic value sufficiently away from the edge.  It is evident that stress transfer at the interface occurs more 
rapidly in a narrower zone close to the edge when the modulus ratio is larger. This result suggests that the stress 
intensity factor increases with the modulus ratio. 
4. Conclusion 
In this paper, we considered a semi-infinite elastic thin film bonded to the surface of an elastic substrate.  
Treating the film as an elastic thin membrane, we derived the equations which fully capture the nonlinear coupling 
between solute distribution and stress in the film.Distribution of solute concentration and axial stress were derived 
as a function of chemo-mechanical coupling factor.  It was shown that the compressive mechanical stress in the film 
provides an energetic driving force which leads to solute segregation in a region close to the film edge.  The larger 
the coupling factor, the stronger the solute segregation.  It was shown that the size of segregation zone in the vicinity 
of the edge increases when the substrate is softer.Distribution of the axial stress was also derived and it was 
concluded that the load transfer occurs more rapidly over a narrower region when the substrate stiffness is larger. 
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